This paper presents a unified treatment of cloud particle fall velocities for both liquid and crystalline cloud particles over the entire size range observed in the atmosphere. The fall velocity representation is formulated in terms of the Best (or Davies) number, X, and the Reynolds number, Re. For the power-law representations used in many applications, the coefficients are found as the continuous analytical functions of X (or diameter) over the entire hydrometeor size range. Analytical asymptotic solutions are obtained for these coefficients for the two regimes that represent large and small particles and correspond to potential and aerodynamical flows, respectively. The new formulation is compared with experimental data and previous formulations for small drops, large nonspherical drops, and various ice crystal habits. For ice crystals, published mass-dimension and area-dimension relationships are used. The advantage of the new representation of fall velocities over previous representations is that the continuous representation avoids inaccuracy at the points of discontinuity for different size regimes, allows easier parameterization of the hydrometeor size spectra, and allows for continuous integration over the size spectrum. The new fall velocity formulation may be applied to bin-resolving and bulk microphysical models, as well as to remote sensing.
Introduction
Accurate parameterization of gravitational settling and fallout of cloud particles and hydrometeors is essential for accurate simulation by cloud and general circulation models (GCMs) of precipitation amount, cloud dissipation, and cloud optical properties. Problems in parameterization of the fallout of cirrus cloud particles have been highlighted by the
Intercomparison of the Cirrus Cloud and Parcel Models Projects performed within the Working
Group 2 on Cirrus Clouds of the GEWEX Cloud System Study (GCSS; Randall et al. 2001 ).
These intercomparisons showed large differences in calculated ice crystal terminal velocities among similar models and illustrated the high sensitivity of the simulated cloud properties to the parameterization of fall velocity (Starr et al., 2000; Lin et al., 2000) . The intercomparisons stimulated a special activity on the sensitivity and comparison studies of the fall velocities (D.
Brown 1998, private communication; see http://eos913c.gsfc.nasa.gov/gcss_wg2/). Recent numerical experiments with single column models (Petch et al. 1997) and with the ECMWF model (described in Stephens et al. 2000; Heymsfield and Iaquinta 2000) showed that relatively small variations in parameterized ice crystal terminal velocities produce substantial differences in the simulated ice water paths, cloud boundaries and cloud optical properties. This led to the conclusion that the discrepancies between the GCM-produced and satellite-measured global radiative balance can be caused by inaccurate parameterization of fall velocities.
Whereas a number of factors can contribute to inaccurate simulation of the gravitational fallout of cloud particles and hydrometeors (e.g., inaccuracies in parameterization of particle size distribution, habit and density), a key element in the parameterization of gravitational fallout of cloud particles and hydrometeors is the terminal velocity. Previous experimental studies have produced a wealth of data on terminal velocities, which are typically parameterized in the form of power laws: where V t is the terminal velocity, D is the particle diameter or maximum length, and the coefficients A v , B v are determined from best fits to the experimental data (e.g., Gunn and Kinzer 1949; Litvinov 1956; Bashkirova and Pershina 1964; Jayaweera and Cottis 1969; Heymsfield 1972; Locatelli, and Hobbs 1974; Beard, 1976; Heymsfield and Kajikawa 1987; Mitchell 1994; Mitchell and Arnott 1994) . A universal dependence of V t in the form (1.1) has not been found since the coefficients vary over the size spectrum; however, several fits to the experimental data have been given with A v , B v constant over some sub-ranges of the size spectrum. For example, Rogers (1976) , based on the data of Gunn and Kinzer (1949) , gave the following approximation for liquid drops of radius r: , and k 3 = 2.2⋅10 3 (ρ a0 /ρ a ) 1/2 cm 1/2 s -1 . Similar parameterizations have been developed for ice crystals: e.g., Starr and Cox (1985) found the best fit for cirrus cloud particles using five sub-regions of the size spectrum with different coefficients.
Parameterizations of the power-law type (1.1), (1.2) are used in many cloud models, general circulation models, and remote sensing techniques; however, attempts to derive these coefficients theoretically are scarce.
Stokes developed in 1851 the theory of fall velocities for spherical drops in a laminar viscous flow at small Reynolds numbers. Numerous attempts have been made to extend this theory for larger values of the Reynolds number and nonspherical drops and crystals. However, a general theory remained elusive for a long time because flow around a particle and its turbulent wake are complicated and evolve with increasing values of the Reynolds number. The nonsphericity of a hydrometeor further complicates the flow. Some sophisticated numerical models based on the solution of the Navier-Stokes equations have been applied to study the stream functions and vorticity of the turbulent flow around the objects of the simplest shapes: spheres, spheroids, circular cylinders (for a review, see Pruppacher and Klett 1997; hereafter PK97) . However, such models have not been successfully used to develop simple parameterizations like (1.1) that can be used in numerical cloud models and GCMs.
Substantial progress in finding a simple but general solution to the fall velocity problem was made by Abraham (1970) . He showed that fluid motion around a rigid sphere can be divided into two regions: 1) a region close to the object where frictional effects are important; and 2) an outer region where friction may be neglected. The first regime corresponds to the viscous flow around the body with maximum projected cross-sectional area A and the drag force
A, where C D is the drag coefficient and ρ F is the fluid density. Abraham (1970) suggested considering the second regime as the assembly of the body and the boundary layer with total projected area A t so that the assembly moves in a potential flow with the drag force F D0 (A t ) = (1/2)C 0 ρ F V t 2 A t , where C 0 is the drag coefficient for the potential flow around the assembly without friction. Matching these two regimes, Abraham found a general functional dependence of the drag on Reynolds number.
The next significant step was made by Bohm (1989; 1992) relations. Mitchell's formulation leads to a convenient power-law representation of V t (D). Heymsfield and Iaquinta (2000) , based on Mitchell's Re-X power law, expressed V t in terms of the (m/A) relation, and developed parameterizations of the fall velocities for some crystal types in cirrus.
A disadvantage of Mitchell's (1996) and other previous formulations is that, although the fall velocities themselves are continuous functions of the particle diameter D, the coefficients in power law relations of the type (1.1) are stepwise functions of X (or D), and the derivative dV t / dD is discontinuous at the matching points. A continuous representation of the X-Re relationship or of the coefficients in (1.1) is desired for several reasons:
1) A continuous representation eliminates the inaccuracies introduced at the boundaries of the several different X regimes;
2) Many numerical models and remote-sensing techniques use the power-law representation of V t and require a continuous integration over the size spectrum when evaluating its moments (e.g., Matrosov and Heymsfield 2000) , and this is easier and more accurate with coefficients that are continuous over the entire size spectrum;
3) In some spectral bin models, the numerical schemes for evaluation of the size distribution function f(D) or mass function f(m) are based on derivatives with respect to particle size (e.g.
d(f⋅V t )/dD), and discontinuities at the matching points produce numerical errors; 4) An analytical solution to the kinetic equation for f(D) in the form of a gamma distribution was obtained for the falling particles with fall velocity of the power-law type (Khvorostyanov and Curry 1999a, b) ; an analysis of the solution showed that these coefficients should be continuous
Such a continuous form of the coefficients in power laws for the Re-X relations and for fall velocities is found in this paper. The new formulation is compared with experimental data and previous formulations for small drops, large nonspherical drops, and various ice crystal habits.
Applications of the new fall velocity formulation to bin-and bulk microphysical models and remote sensing are discussed.
Theoretical formulation
The formulation developed here extends the works of Bohm (1989; 1992) and Mitchell (1996) , which in turn are based on the paper by Abraham (1970) . The drag force around a rigid sphere of radius r is obtained by matching the drag forces for these two regions following Abraham (1970) , as described in the previous section:
The total projected area A t for a sphere of radius r according to Abraham (1970) is related to the sphere of radius r and the boundary layer depth δ 
The new dependence of C D on V t complicates the solution of (2.6). The problem is usually solved by introducing the Davies or Best number, X:
where D is the maximum dimension of the body (particle 
(2.9) Mitchell (1996) found the best numerical fits for a Re , b Re in four X-intervals.
We will find now a representation for the coefficients a Re and b Re as continuous, smooth functions of X in the entire X range as follows. Consider a continuous function ϕ(X) with continuous derivative ϕ′(X). This function can be represented in a power-law form as ϕ(X) = a X b , so its derivative ϕ′(X)=a b X b-1 . Solving these two equations, the coefficients a, b
can be expressed via ϕ, ϕ′ as
For the terminal velocity application, ϕ(X) = Re(X), and we can write, using (2.8),
(2.11) Substituting (2.8) and (2.11) into (2.10), we obtain the following expressions for a Re , b Re : It is useful to find the asymptotic values of these coefficients since they define the limiting behavior of the fall velocities. It is seen from (2.12) and (2.13) that the asymptotic values of a Re , b Re are reached at c 1 X 1/2 << 1, and c 1 X 1/2 >> 1. Hence we can introduce the scaling Best parameter from the condition c 1 X sc 1/2 = 1, or X sc = 1/ 2 1 c = 123. The value of X sc separates the two regimes for small and large particles (or, as will be shown later, the regimes of potential and aerodynamical flows). For X << X sc, , we find from (2.12) and (2.13) by expanding into the power series:
These values are in a good agreement with Mitchell's (1996) fit a Re = 0.0439, b Re = 0.97 in the range X = 0.01 to 10 and not very far from his values a Re = 0.06049, b Re = 0.831, at X = 10 to 585, although our limit is valid only for X<< X sc . For X >> X sc , it follows from (2.12), (2.13) that
The limiting value of b Re is very close to the Mitchell's (1996) 
The drag coefficient can be determined using (2.7) and (2.9) to be
Substitution of (2.19) into (2.6) yields the following expression for the terminal velocity:
It is assumed above that ρ b > ρ F , but the density difference in (2.20a) should be (ρ F -ρ b ) in the reverse cases that are discussed below. In many applications, objects can be approximated by ellipsoids of specified axis ratio ξ(D), then
The equations derived above are valid for various "liquids" and bodies. In applications for falling hydrometeors in the Earth's atmosphere, we consider air as the "fluid" and a drop or a crystal as the "body"; henceforth, we use ρ a (density of air) in place of ρ F , and ρ b denotes the density of drops or crystals. We can use relationships for the particle mass and cross-sectional area to be a function of diameter as (following Mitchell 1996 and others)
where α, β, γ, σ vary with particle size, phase, and habit. Using (2.21), D sc is expressed as:
(2.21a)
Incorporating the relations in (2.21) into (2.20) and neglecting F b compared to mg (since ρ a << ρ b ), we obtain: 22) where the coefficients are:
Expressions (2.22)-(2.24) are the same as in Mitchell (1996) ; however, since the coefficients a Re , b Re are given in (2.12), (2.13) as continuous functions of X, (2.22) to (2.24) give a continuous power-law representation of the terminal velocity over the entire particle size range.
Note that the factor (viscous Stokes regime); while for the large drops, b Re = 0.5, and 1-2⋅b Re = 0, so V t is independent of viscosity as should be in an aerodynamic regime.
The dependence of fall velocities on temperature and pressure can be determined using the equation of state p=ρ a RT and substituting ρ a as a function of T, p into (2.23). This yields:
where V t (p 0 ,=1000 hPa, T 0 = 293 K) is calculated using (2.23) and ρ a0 under standard conditions and fall velocities for the various particles were calculated using the following method:. 1) the four coefficients α i , β i , γ i , and σ i were prescribed for each i-th particle type (the coefficients are given in Table 1 , those for crystals are taken from Mitchell 1996) ; 2) using these coefficients, the parameter X i was calculated for each particle type from (2.7); 3) the coefficients a Re,i , b Re,i were calculated from (2.12), (2.13) as the functions of X i , i.e., of D i ; and 4) the coefficients A v , B v and V t were calculated using (2.22) -(2.24) as the functions of D i .
a. Spherical drops, graupel, and hail
In this section, we consider spherical particles, including drops, graupel, and hail. For simplicity we examine primarily drops using the water density ρ w , however, the same equations are valid for spherical graupel and hail after replacing ρ w with ice density ρ i (which may depend also on D).
For spherical drops, the mass and area are related to the diameter by m = (π/6)ρ w D 3 and A = (πD 2 /4); thus from (2.21) we find that α =(π/6)ρ w , β = 3, γ = π/4, σ = 2. Substituting these values into (2.23) and (2.24), we obtain the following expression for spherical particles:
This expression can be evaluated for small and large drops using the scaling diameter from (2.18), which yields (under standard atmospheric conditions) D sc = 134 µm.
For small droplets (D< D sc ), using the asymptotic values given above, a Re = 1/(C 0 δ 0 2 ) and b Re = 1 from (2.14) and (2.15), we obtain V t in terms of radius, r, as is similar to that obtained by Mitchell (1996) , except that it includes δ 0 , C 0 instead of a numerical constant based on the fit in Mitchell (1996) . Using δ 0 = 9.06, C 0 = 0.292 gives A vr = 1.2×10 6 cm -1 s -1 , i.e., the Stokes constant. , which is higher than the corresponding value of 2.2×10 3 cm 1/2 s -1 given in Rogers (1976) based on experimental data (see Eq. (1.2c)). The disagreement of (3.3) with experimental data arises because the non-sphericity of falling drops has not been considered but is partially accounted for by Rogers (these effects are considered in section 3b).
b. Non-spherical large drops
The nonsphericity of the drops becomes substantial for the fall velocity at D > 535 µm (PK97). Large falling drops have shapes that can be approximated by an oblate spheroid with maximum diameter D oriented perpendicular to the flow and the smaller diameter D s is oriented vertically. Measurements and models described in PK97 show that the aspect ratio ξ = D s /D= 1 for small drops and decreases with D. We approximate aspect ratio with the interpolation Figure 2 compares the fall velocities for liquid drops up to 8.5 mm using the new formulation, the data from Gunn and Kinzer (1949) , and the piecewise formulation of Rogers (1976) . This figure shows that: 1) the effects of nonsphericity become significant at D > 2 mm; 2) Rogers' parameterization overestimates V t as compared to Gunn and Kinzer (1949) data at D > 4 mm; 3) the new formulation for nonspherical drops with aspect ratio (3.4) exhibits slower increase of V t with D (independence on D at larger sizes) and produces a closer agreement with the observational data. Figure 3 compares the coefficients in the X-Re relationship determined from the new formulation with Mitchell's (1996) stepwise formulation for hexagonal plates (P1a, according to Magono and Lee 1966) . Figure 5 for the following different ice crystal habits: hexagonal columns (C1f), plates with sector branches (P1b), rimed columns, plates with broad branches (P1c), and stellar crystals with broad arms (P1d). The coefficients A v (Fig. 5a ) exhibit the following behavior: slow decrease to D ~ 100 µm, faster decrease to D~1000-2000 µm and then asymptoting at larger values of D. The jump around 100 µm may be caused by intensification of the accretion processes at these sizes that influences m-D relations, leading to a sharp decrease of α for D >100 µm (Table 1) taken from LH74 (as in Mitchell 1996) , and for the columns are taken from Mitchell (1996) ( Table 1) . It is seen from Fig. 9 that agreement is satisfactory for the columns, but the calculated 
c. Ice crystals

Discussion
Based on the previous works of Abraham (1970) , Bohm (1989 Bohm ( , 1992 , Mitchell (1996) , and
Heymsfield and Iaquinta (2000), we have derived a representation for the terminal velocities of drops and crystals as power laws, with the coefficients and indices being continuous over the entire size spectrum. The results of this work can be used in a variety of applications that are described in the following.
a) Cloud models with explicit microphysics
Cloud models with explicit microphysics usually utilize the bin representation of the particle size spectra (e.g., Khvorostyanov and Sassen 1998; Gu and Liou 2000) with the particles in each bin falling at their own velocities. The boundaries of the bin positions may change with time in some models if the growth of individual drops or crystals is tracked. So, the present formulation is convenient for such models, and may give higher accuracy when using the finitedifference schemes based on the flux derivatives d(f⋅V t )/dD or d(f⋅V t )/dm, as discussed in the Introduction.
b) Cloud models with bulk microphysics
Many of the bulk microphysical parameterizations employed in cloud models use terminal velocities averaged over size spectra that are parameterized as gamma distributions or exponential functions with the parameters λ i dependent upon the various simulated mixing ratios:
rain, snow, etc. (e.g., Starr and Cox 1985; Cotton and Anthes 1989) . Then V t either is expressed analytically via λ i , or it is evaluated numerically by integration over the parameterized size spectrum. This operation can be performed in a model at each time step or once in several steps, and the method of evaluation of V t described here can be used effectively for each category of the bulk water and size range.
c) Regional and general circulation models
The most advanced general circulation models are beginning to use cloud microphysical parameterizations that are similar to the bulk parameterizations used in cloud models (e.g., Fowler et al. 1996, hereafter FRR96) . However, the long integration periods and the large number of the grid points impose strong limitations on the number of arithmetic operations per time step, therefore some simple parameterizations are desired for GCMs rather than integration over the size spectra at each time step.
Such a simple parameterization is easily developed using the continuous representation of fall velocity that has been developed here. This parameterization is illustrated using the FRR96 bulk microphysics parameterization. The size spectrum of rain is approximated by FRR96 with
where D R is the diameter of a raindrop, N 0R = 8 × 10 2 cm -4 is the intercept, λ R = (πρ w N 0R /ρ a q r ) is the slope, and q r is the rain water mixing ratio. The fall velocity of a raindrop is approximated by an expression based on the Gunn-Kinzer (1949) data, 2) and the average fall velocity is defined as the mass-weighted value, valid at standard atmospheric conditions. The temperature and pressure corrections can be accounted for using (2.25), which becomes now: Fig. 10b as the functions of the mixing ratio. Both equations are in excellent agreement, the maximum error is -4.7% at the lowest q r and 4.1% at the highest q r . Eq.
(4.5) is a more universal expression for raindrop terminal velocity since the corrections for both temperature and pressure can be accounted for by (4.6).
The new parameterization (4.5) is also more economical since it contains fewer arithmetic operations, and can be recommended for use in general circulation models and bulk cloud models. A similar parameterization could be developed for ice crystals using analytical expressions for ice crystal size spectra (e.g., the parameterizations of Heymsfield and Platt (1984) or the analytical solutions in the form of modified gamma distributions obtained in Khvorostyanov and Curry 1999b) . However, this is beyond of the scope of this paper and will be considered in future work.
d) Remote sensing
In (Fig. 11) shows a good agreement. Note that when evaluating the integrals for the reflectivity-weighted velocities, again, the same analysis of the subintegral functions described in subsection c) above can be performed, which can simplify the final expressions.
e) Other applications
In sections 2 and 3 we considered falling drops and ice crystals in air. However, the equations derived in section 2 are general and can be applied to any fluid and body by including which is independent of the particle dimension but which does depend on the general properties of the fluid (ρ F , ν F ), the object (ρ b ), and the planet (g). From the definition (4.7) and (2.20b), it follows that for the ellipsoids 
. Thus the fall speeds of the small sand particles in water is only half per cent of the value for the drops of the same radius in air. So a cloud of hydrosol particles can be transported by the ocean currents over the distances by two orders of magnitude greater than a cloud of an aerosol of the same size in the atmosphere.
Summary and Conclusions
This paper has presented a unified treatment of cloud particle fall velocities for both Mitchell (1996) with some data from Locatelli and Hobbs (1974) , Heymsfield and Kajikawa (1987) , and Heymsfield and Iaquinta (2000 Mitchell's (1996) stepwise formulation )dot), and the experimental data of Heymsfield and Kajikawa (1987) (dash-dot-dot) . 
